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TERUA FFIE A 5| AT, FRATGAE §1.19 5] NS A EARIE FAEFE A, /G TE §1.29 A48k 41 5] FRAIE
B (0L [JE1E1.4]). HJEAE §1.3F ek 1 & fA 5] BAE — L ARG 1 i R A .
1.1 BEXEHR

B k ERE B F = k(X), Hf X 2 (IFER) BRRREE K X AR E b L ERHeE W
A X = {zy,...,xm) RAREN, F 51 ko, ..., 2,). R¥5ERFHEE, EAOGERILEE X EMFRR < 15
(X, <) MR P4 Wk W Eefy <& X B4 RFAIRES Hi 2

(AO1) SHEA w,v,w € W, v < w ZEF uwo < uw LA vu < wu;

(AO2) SHMEfT we W, hH {ue W |u<w} 2ARE,
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e w ke < 2810, il SERE X = {z1, .., 2.}, BE 21 <20 < -+ < xp. FBEMHNTF
£ W EWFHTE, SMEF u=a; 2, v =25, -x;, E W, u<v JHMNH t < s 8t =s HIEEIEEE
L<k<slf o, =aj,..m, =2, Hay <z, WAHPKET < ZHEVFN.

Lemma 1.1. % < 2 W EFFERF, W 1<w,Yw#1eW.
Proof. A%, W 1 > w, i w® > w1 VneN. X5 {ueW |u<w} ZAMRETE. O

MAERMNE 2 W ERTFRF <, BAHTTEAXN F R ERELHRZHAGIA “E07 FMS. )
F A T Al — 29k E AR i 2 A R T 58 {go}oer £ BAXEAD 0 € T, WAL g, KIET
Nw, €W, BATWE go = wy — fo, KB f, B—E0HE v < w, FIF v B k-ZMHEHE. BRF vwe W KT
{95 }oer ALY, R v AEAEF w, (0 € D) ENTF. BT we W N2, IALFEE u,o e W LLK
o € I i3 w = uw,v. WA ufov M w £ F/I PEB . FED uf,v fEA F hoc RGN IER R
MHIFHS < w. ANWHRES {(w,, f,) € W x F |0 € T} A— reduction R%;.

ER k-8t 22 10), F/I ATHETA (KT {90 oer) LIMTFLE F/T HRMBRIBESE R HAR, & w N
W w+ I TEHANFBEERIANAN TR F KBNS, A w+ T BEEFR RN TR w ™
INFAE F /T PR IEA S, Kb R0 TR AN TG, X5 w MIERCFE. T2

N AREAR T RENSRHOE X 00— L UTER {90 foer MERMM A TR F/T HRIBER k-LZMELRM,
WAL T BE[ME N F/THK— k-5

HERFY T 2 F EEER, A1 w, H2dETT

Example 1.2. ZEE TV O,(k?) = kiz,y)/(zy — qyz), FHH g e k*. #HE o <y, WAL KEFHT
T,yxr — ¢ lay BE M. KT {yz — ¢ ey} LML FEEN {2y | i,j € N}

X ouv e W Bk o €T, ¥ vw,o BE uf,o HRFEHALEASIN F_EAREE FZS AR
reduction, IC1E 7, ... FHHRZDMYISE reduction MER (KAZE F EAREEFR) #8— reduction.
B4 he F, % h=0, B4 h & 1 X270 k-ZBMHEHE. & h#0, B4 (AO02) Wi h BAIERFIA
XL w HH R we < w XA REZA o € T oL, BIFRA1 2 BP1S 2)

Lemma 1.3. {£45 h € F, 1#1E reduction r : F — F {13 r(h) & —2 (KT {gs }oer) LTFH k-ZEPEA 5.

HICH (t,v,u,0,7) € WIXT2 BN —NEBE Y, WR tv = w,, vu = w,. X, F tou = (tv)u = t(vu)
W rou(tou) = fou AR v (tou) = tf,. g (tv,u,0,1) € W3 x T? BFRA—NEEEX, W
R tou = w, H v =w,. X, F tou WL rio1(touw) = fo LI ru(tow) = tfru. JES/AEE X
(t,v,u,0,7) T o, 7 FREHHART, WA tou 1% L. BUH TR 48 B T H S RS B tou, 2/0F
PIFRAS A reductions SKAEH tou. W {w, | o € T} HrAFHMEIKE, BAGEE X (t,v,u,0,7) #HL
t=u=1 MESE X (t,v,u,o,7) LR, WRIFAE reductions r, v’ 15 r(f,u) = r'(tf,).

tou
7'1,‘7 Xw,l
Jou tfr

(1.1)



MRET B (t,v,u,0,7) ZRTEREY, WHRAFLE reductions r,r’ 45 r(f,) = ' (tfru).

tou
7'1J./ Xr‘u
fo

tfru (1.2)
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Remark 1.4. #4751 B 6 4 K B X ECUPE reduction B B (1.1)81(1.2) FIZE AR,
Remark 1.5. AiHIC&F H UG w, KEMFER, JAAF RSB, 0I5 E R0 .

FR F #HIGE h & reduction ME—RY, WIRIEA reductions sy, sq, s1(h),so(h) &L F LM
HEWEE s1(h) = s2(h). HTAWTFAEAEM reduction 1EFH FAF), AL red(h) = s1(h) = s2(h), H4
red(h) fEALA reduction fEFH FAZE. 3+ H F FIFTA reduction ME— LR EIMNESZ F N k-F=50H: W
R h,g € F #/2 reduction ME—, IAXAEAT reduction s, HE s(h — g) &AL FM k-ZkEH A, B4
s(h—g) = s(h) — s(g). MRIEATIHIPIBHR LA LK [51BH1.3], F21E reduction r {15 rs(h) = red(h),rs(g) = red(g),
M red(h — g) = s(h — g) = rs(h — g) =red(h) —red(g). T&ATHUE T

Proposition 1.6 ([BRST16]). HHAE F FFA reduction ME—LRm MWL 2 F 1 k-T2, H
red(—) & X T H b k-ZeVERLS. # W TG JCER reduction ME—Z F HETH G2 reduction ME—[1).

HEREEIXHESR h € F UL reduction v, 5 h+ 1 =r(h) + 1. AtEA

Proposition 1.7 ([BRST16]). Wk I E —EHICE {9, }oer WAL FELE F/T THBRE k-ZelETR
i), ILAFAA] h € F #& reduction ME—F7.

Proof. VERFIXHMES reduction si, s A s1(h) + 1 =h+1=sy(h)+ 1. LA s1(h), sa(h) #iE—LLLF
(1) k-ZeVEZH G, B SR A SLEIAR 2] s, (h) = sa(h). O

Proposition 1.8 ([BRST16]). W I JEH —H It {go }oer WRIET b € F & reduction ME—[1], B4t
CER- 3@y 3 Ty )

Proof. TR vow 2 HE BB BB A B, IAXHETHEE reduction ry, ro, 71 (uvw) F ro(u, v, w) #RZ;HIHE
HAS reduction 1EH N — LA MF k-ZRPEAA, [512E1.3]). FFIA reduction ME—Z&AHE%0.

O Bt

1.2 EIEERA

Theorem 1.9 (#if715#, [BG02, BRST16]). % F = k(X)) MHEMHE I HE 20 AERITE {9, |
o e}, X AMMILEH W PERTET <, H g, METN w,, A g, = w, — f,. WELF &M

(1) P B8 OO 5 B ST il
(2) B F HHrEICE reduction ME—.
(3) KT {9, | 0 € T} MILHMbLFEML F/T 1 k-3,



M EREN FA . — AR, FR {9, | 0 € T} &FAE [ ) Grobner-Shirshov £.

Proof. (3)=(2)=(1) K@ [Mr1.7] M [Ardl1.8]. FHEIE (1)=(2). MR [drd1.6], REUE W FoHR
reduction ME—. TN RFE (W, <) EERAGNEIEHZ . RBHIE [5131.1]), W Fi/No2 reduction
ME—). REEGEIRHE v < w BFEROL. BARE [dl.6], tb w &/ NRF k-2t & 2
reduction ME—1]. BLTEE reductions r, 7" /2 r(w),r'(w) #RLMUFN k-HEHEHE r=rprp_y -7y M
=ty 9 ! RTHIAE reduction HIE . AT EUEM r(w) = ' (w) KIFE] w /& reduction
ME—f). FHHETRKE r(w),r(w) # w( W, TATH r(w) = (w). 4 r =7 B, BT r(w) = rj(w) #
R NT w B, TR HIE %, r(w) = red(ri(w)), 7' (w) = red(rf(w)), T2 r1(w) = ri(w) RIE T
r(w) =r'(w). N ri(w) # ri(w) FE& r BIHRFR w,, r] B FEN w,. BAF w, 5 w, £ w FA]
eSS, WEBERLESH . AT Z=MIERIEN r(w) =17/ (w).

Case 1. Y w,,w, BEN, BIOIAWIEALE tiu,y,z2 € W 18 w = yweuz = ytw,z. XNERINTHE
BN wou = tw, LKA 1 = ryousT2 = Tyrr.. HFM, A ESE T, FIAFAE reductions s, s
15 5171 o u(Wor) = sory 1 (tw,). TR s1,80 ATHAFE T w b reductions(1E 7 f#H &M HISE reduction
Tapb BN Tyapoe)sh, sh 153 siri(w) = shra(w). FIH [F131.3] AL 71 (w), ) (w) B reduction ME—1%, 35
red(ry(w)) = red(r}(w)). B r(w) = red(r1(w)) = red(rj(w)) = r'(w).

Case 2. M w,,w, FEHEGEE XK, AGWE tbu,y,z € W 1§ w = ytwouz = yw,z. XNHESE
X twouw = wyy, Hory =150 AR ro = 11,0, HEAEE AR, £27E reductions sq, 52 15 s17y 00 (twou) =
sar1r1(wy). FRUEZBUEERIR, A w b reductions s}, s, 15 siri(w) = shro(w). RGP E, X
B ory(w),r](w) #B+2& reduction ME—H, #EZHSE SUERRHAER r(w) = r'(w).

Case 3. Y w,,w, LESHIHN, AHEA u,y,z € W fiiF v = yw,uw,z. EB ry =71y 5w, H
= Tywguree T mi(w) = yfouw,z, i (w) = ywoufrz #Z reduction ME—H). EEER] yf,ufz B2
reduction ME—), 3 H red(r;(w)) = red(y fyuf,z) = red(r; (w)), FrAFRATH r(w) = ' (w).

T2, MR IAgy R EA R W FHTA JCER reduction ME—, BEMEE] (1)=(2). BIFIEH (2)=(3) K5EM
UEW. ¥ F T 0% reduction ME—, P4 [drfi1.6] BEHHERATA k-ZEMEMT red : F — F, H V = red(F)
R A 2 IR k-T75 18], 456 reduction ME—PERE UHIANTERSH V I k-ZE. BATHE k-2
W red: F =V Hred £ V ERIBR GBS ZESEBRE, MITH F = Ker(red) & V. FiE Ker(red) = I k15 %
ZITFERLE F /T G EER F/I ) k-2 56U T C Ker(red): R TRUFAEFIEU ug,v(XH u,v € W) BT
FAE red FEH FAZE. FHELE ruo0 F— F HER ug,v BEREZE, #1 0 = red(ug,v), FrlA I C Ker(red).
AR [5131.3], F FAEfcs#fmeim E—2% T honRMAERT V. Bill F=1+V CKer(red) @V = F. X
IBff I = Ker(red). TRBNFBNANTFESE F/T FBGER F/T B k-3, O

1.3 NEAEH

Example 1.10 (Z 7200, [BG02]). & n > 2 ZIEEE, ¢; € k* WL ¢ = 1 LR g¢; = 1,V1 <
i,j < n. FBEFRMERNTIE ¢ = (¢ij)nxn LHRETIEZE Of(k") = kw1, ..., vn)/(wix; — qijzjz;),
Ty < Ty < - < ay AR KEFHRIFIEL 21, .., 2, BT 8 X Oy (k") IAERSE ARG reduction R4
S = {(@izj, qijrjx;) | 1 < j <i<n}. W FILLE], S WTEQEESCAT#E (RAEFLMEEEN). T



BT BT RFFEAHMEA IR 1 <k <j<i<n PPAEMESE Y ooz, TiE BITHE
(ﬂfixj)ﬂ?k — (]ijl‘j(xﬂk) — QijCIik(Jfﬂ?k)ﬂfi 7 QijQik 9k TrT T4,

zi(xer) = Gr(ite)T; = Gran®r(T2;) = Grlindij TRl ;T

FITEL reduction FR 48T B S B SCRIEL & 8CCRT iR, ARAE B A1 51 BRAG B 2L F AR LT Og (k™) H&4E, B
{aP ol ale | £y, .. 0, € N}, FIK Og (k") M) k-

Example 1.11 (E52#: Jordan ~F1H, [BRST16]). [FI1Z Jordan ~FIHi/& HAEKIT z, y FIAEKKR vy —yr = y?
E XN kAR, XEWME T B o < y HEHEKEFHTIE 2,y BT ATA reduction R4t
S = {(yz,zy — y*)}. [FEICLE] R S S BUSCGH A LR, TS B SR HE B, B DARIE A A 5] 33K
1182 {2%y7 | 4,7 € N} J& Jordan “FIil J I k-%&.

Example 1.12 ([BRS*16]). % A ZHAERIC 2,y EKERKR vy? = vz, y2? = 2%y 2 X1 k-AREL 2 X
r <y HEHAKEFARTIE v,y BRI XA reduction R4 S = {(v?z, 2y?), (yz?, 2%y)}. [{EiL1.5] &
B S A B UG RT PLI. NTHUEE] S BT A S B T i

(v2r)r — 2(y’z) — 227, y(ya?) — (y2?)y — 229>
Al EFEE {2 (yx) y" | 4,4,k € N} S22k, RIRHEA 7 B R X A H A 1 k-2

Example 1.13 (JGR Taft X3, [LWZ07]). & n > 2 2 IR, € € k* & n KA RAR. [F12 ¢ 4R TCRR
Taft RECEH g, 2 £, RTEBRKR ¢" = 1,29 = egr B X k-8, XHEIET. L g>a ALK
WP 2,9 BRI, BATE reduction KRG S = {(g™, 1), (gx, e tag)}. HT n > 2, XEANFIEEEE
X. N A ESE S g"e — z,9" 1 (gx) — ¢" te log — e 29" 3(gx)g? — - — e "wg" — x. T
LI FERN {2g | i, e NHj <n— 1}, FrlAlEi A 51 BERX A H T 1) k-2,

Example 1.14 (Suzuki {83, [Suz96)). ¥ H ZH 21,29, 91, 92 FH, AR
Tig; = =gz, x; = 0,213 = —96'2901,9]2 =1,9192 = 9291, 1 < 4,5 <2
TE S =-AREL BT X 2y < 20 < g1 < go, HAH reduction R4t
S ={(g221 — 2192), (9172, —2291), (9171, —2191), (922, —T292),
(21,0), (23,0, (g7, 1), (92, 1), (2221, 2122), (9201, 9192) }-
HRAE [EI21.5]), REUEATA E SR, RIEIGIE T T Y E B b SCHR AT AR

2 2 2 2 2 2 2 2 2 2 2 2
921, 9o%1, 929172, 91T2, 9129, g1L2x1, g2g1T1, §121, g1y, §o L2, g2y, g2T2T1, g2gy , o1, L2y, 4o gi-

. {gl(:r?) — 0,

i
(gizj)z; — —x(gi;) — x5g; — 0.

2 (.912)'1‘] - Zj,
9;%j

gi(giz;) = —(gix;)g: — xjgf — ;.

5



(9291)7i = g1(g22:) = —(9124)92 — Tig192,

g291%; -
92(917:) = —(g27i)g1 — i(g291) — Tig192.
(gjz2)T1 = —22(giT1) — (2271)g5 — —T1229;,
gjTaly :
gj(x2m1) — —(g;m1)T2 — 21(95T2) — —T1229;-
2
9 9291 = 91,
9291 ¢ )
92(9291) = (9291)92 — 9195 — 91
) z3xy — 0,
Tyl -
To(2om1) = —(22m1) 20 — 1122 — 0.
) (womy)xy = —21(T221) — TFT9 — 0,
Loy -

zoz? — 0.

DR FR B 51 B4 B BT A o A B SRR 35 B SUPT . SX I 2R {2 229950 | 0 < by, ba, b5, 0y < 1}, F
RBAIE] H AN B RREHE {27 22905 | 0 < 0,05, 05,0, < 1}
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