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(1) & # Noether ¥ R MIZHE 5 H EAT 7 SRR ZEI0 ROE R, B Matlis @3 (W [EH1.4]).
(2) 2 H#e Noether 35 R PSR M 0] 0 — S AN 0] 43 PSR ELRT M = @0 M;, 1RYE Matlis &5,
ANANE S S M, R T HEANREAR P XN (R/P ) WS E(R/P). Fse b, MEEMRHEE P, 5
E(R/P) R E AR M, “T%” B M, P JoE AR (0 [EH1.9]), Bk, “mi%” &

dimRP/pPHomRP (RP/PP, Mp)

(3) ¥ NoetherR FAHMRAMML M KT HRIEM P € SpecR B Bass M-S (W € X1.11]) PLAER M
BRSNS ARG 2R (O [ 1.12]).
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1 Bass #T4A
1.1 AHEFEES

AFT At Noether 34 R EL N G ELANE =R 3B A0 mT A2 ¥, 1X 2 JE 2T FT g 26 A T AL
Lemma 1.1. % R &% Noether ¥, S BT, Q BNH R-B, N Qg /2 Rs-WHHHE.

Proof. B Q #&NHHEFAIXHEMAE N Exth,(N,Q) =0,Vi > 1, N € obR-Mod. SHMEMHEA I, ;L N = R/T
JK Ext BOCT S ERMAATAN Extly, (Rs/Is,Qs) = 0,Vi > 1. By R MBAEH% Is MR, B AR
H Exty_(Rs/Is,Qs) = 0 LLK Baer HHNERIR Qg ML, O



Remark 1.2. 34 Noether 25ff 244510 —MAFH AL, WG I Everett C Dade, Localization of injective
modules, Journal of Algebra, Volume 69, Issue 2, 1981(416-425).

MR _E3h 5 BERRATAT AT 2]«

Proposition 1.3. % R j25¢#t Noether ¥, S &I T4, R M AHNNE Er(M), WHEN Rs-HA R4
(En(M))s = Eny (Ms). EVEPSHEL R R AT 2,

Proof. ¥ 0 —— M —— Ep(M) RAFHFE, RHEY 0 Ms —*= (Br(M))s R
[FEARIAT. ARIEAEZETC ©/s € (Er(M))s, ATT LY Rex/s Nis(Ms) # 0. 5 WA ERIE s = 1 KIEEL
T AEBARAE T = {anng(tz)|t € S}, MAH R & Noether A1 T 1A NKIT anng(tx), 7 W to # 0.
Claim. Rg(tz/1) Nis(Mg) #0. T2 (Er(M))s 2 is(Ms) AT K. & Rs(te/1) Nis(Ms) = 0.
FA Rtz ni(M) = Ite # 0, I & R WA 3K ay,...,a, € T F153 I = (a1, ..., a,), FTLVEA a;itx/1 =0, i3
MAFE v € S 13 uta;xz = 0,V1 < i <n. HIERATES I C anng(uxt) = anng(tx) (X EEH 7 anng(tx) 1
WP, TR Ite =0, fHEIFJE. 8 Rs(tz/1) Nisg(Ms) # 0, Wi 5 1FiE. O

1.2 Matlis EIF

AKHAH— 1 Eben Matlis(3 [E 1923-2015, Kaplansky 2242 45 H I — AN 38 HA 8 i35 44 & B
Theorem 1.4 (Matlis,1958). % R /25 #t Noether &, Z(R) &A1) 43 N YR [ A R4k, HEA

a: SpecR — Z(R), P — [E(R/P)]

FEE A BRI, RIAZ#: Noether 38 EANAT 73 WS [ A 28 AR 5 2008 —— X B, Fealih, Z(R) 2% &
(PR R ULIX PR R AR I, SR R RN AN 0] 2 TR R A 22 FL2E, BT RE R IEN R G TR, HIA 1A
PASE WA AN 1] 23 S B SE AN S i B — MR e, W R T 2812 E Z(R) KB IEIX— ). JFH R
FARALASAL 43 SRS R T3S R/ P I, IX B P € SpecR.

TEE W% 58 B2 A i — S 4%
Lemma 1.5. % R &% Noether ¥, 4
(1) fEfTREAE P32 E(R/P) AR5 NS,
(2) (ELE NS RARE T #0, X P € AssI, H E(R/P) [FAfT I BIEANEMBE T Fealih, 2 T 2 A0 75 A
i, E(R/P) 1.
(3) AMEMAHPRARL R-#E M, 4 AssM = AssE(M). $3Hs, 24 M = R/P, P € SpecR i, 45

AssE(R/P) = AssR/P = {P}.

Proof. (1) & E(R/P) Wl 73, MAHIEF T Ny, Ny INZRZE, W NyNR/P 5 NynR/P AFN R/P MR
FIREOEE, 1 R/P REARWEEMMAARF T (BE) Z39F-%F, [E7)E.

(2) M&EMEHERL 0 —— R/P —2— I MIESH, IALEAEAETE T B Bt st [ 2 k.

Er(R/P)

00— R/P—2 37

2



TR&M E(R/P) £NHEEATYS 152 BE(R/P) R I 3N EAFEF. |
(3) REUH AssERr(M) C AssM, {THL Q € AssERr(M), B 0 R/Q —— Er(M) MEIE
HF, Fibh §(R/Q) N M # 0, &4 Ass(R/Q) = {Q} 7I%1 Ass(j(R/Q)N M) = {Q}. MIfi Q € AssM. O

BUAEBRATAT LAZS Y Matlis S BERIIEM, RIEM o : SpecR — Z(R), P — [E(R/P)] #&5E L AHI M. 1R
W [51FE1.5(1)] 98] o & CAEE, ARYE [5IFL1.5(3)] 58] o A HS, [5IH1.5(2)] M o A, L.

1.3 Noether If _FRIRHEFHR

AT Noether P& _F (1) P SR AT 43 fif 9 —LLANT] 70 SRS B AN, F5-Ud B XSS $e A TR I, INSTAE M
PIANT 350 M = @;eaM; F5 E(R/P) RN M; $0H &t M, P FEfAEsE (W [EEE1.9).
Lemma 1.6. % R f&7¢ Noether ¥, IBAALATH G RBE M & —SEANT] 55 A 5455 1) AT
Proof. {EEARATAEZNIEE g B LEAFEAT T WH T, A = #£ 0 € E, BEANHNE E(Rr) C E, 34
HRAEIZEU E(Rr) SEAR WS FEL B, MAFEAEZHEANN T 1y, [y 15 E(Rx) = 111 @ L,
Iy AT W TR [ MAEZENT T Ly, Ly 15 1) = I © Ly, WIkgkEE, 35015
FEHEFNHITET I {Lis tis1 VA {Tea bt 015 I = 11 @ Lo, [yy = Ti1 0 @ Iiy12,VE > 1. 500

L=11®lna® - DLo® I, Vn>1.
LA E(Rz) W R THEE Lo C Tio @ Lo C 1o ® Ioo ® I3o C -+, 'EWF Ra KT A& T
,[12QRJ} g_ (112@122)mR$ g (Ilg@IQQ@Igg)ﬂRIII g

X5 Rx 7 Noether #FJ&. NI E(Rz) AR WA, IXMULN] B A AR 73 I 7. BLE AT ]
P M 2 — S AT 7 R ELA. At M # 0, B8RS
S = {{M;}iea { M; }ieA M AT 3 U FRER LY~ M; = @ien M; }
€A

IRAMAE AT R FIIE (S, C) AR WFrsE, W EERRIECEM 2y 78A 5, BrANH Zorn 51EH S
AIKRTC {M;}icn. K Bass-Papp 7EEE, /& Noether M EAR— R A S BT EATI A S, FTEL @ienM; 5& M
MEMET, N M = E @ (@ieaM;), B3 E # 0, WAHTHRIHEFIE E A A2 W T8, X578
B AM; }ien WIRERVET &, FTEL E =0, Il M = @ierM;. ]

Lemma 1.7. % R Z4# Noether ¥, P 2RI M RAEMRAEN R, IAHE Rp/Pp-2 VR
RP/PP = HOHlRP(Rp/PP, (E(R/P))P)

PT‘OOf, j\j Rp-itﬁla*@ ERP(RP/PP) = (E(R/P))p, Fﬁw\ﬂiﬁéiﬁ RP/PP = HOIDRP(RP/PP,ERP<RP/PP)).
N, R B# Rp, m B Pp i k = R/m, REIE R ZRMHERE 7. TiE k-ZIEFE
k = Hompg(k, Er(k)). FEF] k-£2PE R

n:{x € Egr(k)mx =0} - Hompg(k, Er(k))

x>z, k— Eg(k),c— cx



WERGEVE {z € Eg(k)lmz = 0} = k, fBRRISR. W k C {z € Egr(k)imz = 0}, & k C {z €
Er(k)|mz = 0}, MBAZMEZE {x € Er(k)imz = 0} AAEZF 720 W M k ZZRFE, ¥ W MIEEE R-TH,
IAZA Eg (k) ARMAFETHE k HZAEZETE. # k = {x € Eg(k)|ma = 0}, iEEE. O

Remark 1.8. iEWIIREE | - AEFEM & = Homp(k, Er(k)), X2 R-AEFEN, #US R

k,1=0,

Exth(k, Er(k)) =
0, i > 0.

Theorem 1.9. & R Z&A#t Noether ¥, IAALAT NG R M 0] i A— AT 5 Wi R-BLEA M =
BieaM;, W2X R FIFAZEAE P, 18055 A 2 M, = E(R/P) Hiahs 2 1% th 4E %k
dimRP/pPHOI’I’IRP(RP/Pp,Mp)

4. Bl dimp,,p,Homp, (Rp/Pp, Mp) = [{i € A|M; = E(R/P)}|, ZEHRWEFM I M = @ieaM; 5
E(R/P) [FfI) M, &R H M, P g IAEE. 2 M GRAKE, dimg,  p,Hompg, (Rp/Pp, Mp) € N.

Proof. BRI A7 AR B Al TH Y 5 BEEIAS. BHIER A A

P

dimp,.)p, Homp, (Rp/Pp, Mp) = [{i € A|M; = E(R/P)}|.
BUEIE 58, Hem RIS BT HIG 2] Rp/Pp-2 M [FH
Hompg, (Rp/Pp, Mp) = Hompg, (Rp/Pp, ®icr(M;)p),
KA Rp/Pp BN Rp-BUEATLHE Bl NEF [5131.10] & B3] Rp/Pp-2R 1% R
Homp, (Rp/Pr, @ien(M:)p) = @exHomp, (Rp/ P, (M) )

AT WA M, FTHEA R/Q,Q € SpecR, 4 Q # P B, ARt Q C P 8 Q ¢ P. FHiFRA UL
PR HS S5 Homp, (Rp/ Pr, E(Rp/Qp)) = 0. — BAEWIZIGE, B [3151.10) Ff 17T LA 6 55
Rp/Pp-Z&1%: AR ®;eaHompg, (Rp/Pp, (M;)p) = ®ica,Homp, (Rp/Pp, E(Rp/Pp)), HH Ay = {i € A|M,; =
E(R/P)}, \Ti 1 [31#1.7) A5 %

Hompg, (Rp/Pp, Mp) = ®icn,Homp, (Rp/Pp, E(Rp/Pp)) = @icr,Rp/Pp,

BI |{i € A|M; = E(R/P)}| = |Ao| = dimp,./p, Homp, (Rp/Pp, Mp). THERUEMIHIE.
Casel. M#HEHME Q ¢ P, P ¢ V(Q) = V(AnngR/Q) = Supp(R/Q), EXEH Rp/Qp = 0, FrAAH
Er.(Rp/Qp) =0, ZERRNOT.
Case2. MFMM Q C P, Mo e P—Q 4 x/l € Pp— Qp, FUILEREMEFEMRE L Rp/Qp
ER RS, N IR e
Rp/Qp ——— Er,(Rp/Qp)

(w/l)zl l(w/l)z

Rp/Qp ———— Eg,.(Rp/Qp)
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KA i : Rp/Qp — Er.(Rp/Qp) AR, i(x/1), ZHFSH Er,.(Rp/Qp) RN, # Er,.(Rp/Qp)
L ERAR e (/1) g, A EZE R Homg, (Rp/Pp, E(Rp/Qp)) = 0. AR, fAEIEE
Rp-#5[AZ f : Rp/Pp — E(Rp/Qp), MALGHERA a € Rp/Pp #13 f(a) £ 0, A (x/1)f(a) # 0, X5
(x/1)a =0 € Rp/Pp FJ&. Wt Homp,(Rp/Pp, E(Rp/Qp)) = 0, L. O

Lemma 1.10. 8 R & K3, M, Ni(i € A) ¥9J2 /2 RME Wi M ORATTLRE I A4 I

¢ : ©ienHompg(M, N;) — Homp (M, ®icaN;)
(fi)iea = @((fi)iea) : M = @ieaNs, x = (fi(x))iea

FHHZ M ARSI, BIA g Mg 2 R-S YR, W2 ¢ R S-HF.

1.4 Bass BFR/NAG 57
NTHIRES B Hyman Bass(3£H, 1932-) T 1963 F5I N, & EaUlB e 44 17NN g5 i (s B
Definition 1.11 (Bass ${). ¥ R /&% #k Noether ¥, M R HRAR R, P € SpecR, Fx
pi(P, M) = dimg,,/p, Exty, (Rp/Pp, Mp)
& M %F P B i X Bass 3 (the i-th Bass number of M with respect to P), 5 WL'E A& H 2R3
Proposition 1.12. # R & #: Noether ¥, M 24 R R-BE, 5 M AN R
0—— M —— BOM) — BV (M) 4 ...
ARG A IREL i, H RBEFIM EY(M) 2 ®pespecn E(R/P)H M),

Proof. R ER T [ IE & 14 DLRGX I BN 580 54 SR A AT A2 #e (a2 [l 3]) Foxs e R EAR P,

0 —— Mp =7 (BO(M))p D5 (B2 (b))p L2
7& Mp A9 Rp-fiIR /NN 70 %, T Rp/Pp-2ek R
Ext’, (Rp/Pp, Mp) = Homp,, (Rp/Pp, (E'(M))p),
— HAEWZI 3, W [EF1.9] 3] R-BLAM
E' (M) 2 @pespecr E(R/ P)mnp/rpHomny (Re/Pe(BMNP) o @ poo pB(R/ P (PM),

NS Bxty, (Rp/Pp, Mp), Fil Hom 88T Hompg, (Rp/Pp,—) 1E Mp BB/ S23 1015 210

0 —— Homp, (Rp/Pp, (E°(M))p) “2% Homp, (Rp/Pp, (B'(M))p) 255 ...
SHEANERE 0, fr CF = {2 € (EY(M))p|Ppx = 0} C (EY(M))p, 4

' : Homp, (Rp/Pp, (E'(M))p) = C, f — f(T)

5



& Rp/Pp-BetE M, FEH 1 = {n'}hien St IR R KHE R4

0 —— Homg, (Rp/Pp, (B(M))p) % Homp, (Rp/Pp, (E'(M))p) 255 ..

- al

0 ol (@) p] ol

(d")p|

‘FEL_ %Eﬁﬂ/\ (dZ>P E[ﬂjfﬁ/] J—:ﬁﬂ%’/f%l‘iu EXt%P(RP/PPaMP> = HomRP (RP/PP, (E%M))p) 'EEEX
x#0€e 0 WAl (B(M))p /& Im(d'™ ") p AR K (IXHID jp N (d71)p) MAFLE a € Rp 13 az #
0 € Im(d")p, FEREE) a ¢ Pp SR Rp FIETERE] o € In(@)p, BARNIABE (@)p(x) =0. O
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